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ABSTRACT. It is proved that there is a collineation between two octonion planes
over local rings if and only if the underlying octonion algebras are isomorphic as
rings. It is shown that every isomorphism between the little or middle projective
groups of two octonion planes over local rings is induced by conjugation with a
collineation or a correlation of the planes when the local rings contain ;.

Octonion planes over local rings were defined and studied in [3]. In this paper we
prove two main theorems about such planes. In §1 we show that there is a
collineation between two such planes if and only if there is a semilinear algebra
isomorphism of the underlying octonion algebras. This was proved for octonion
algebras over fields by Faulkner [6, p. 20].

Second, we prove that every isomorphism between the little or middle projective
groups of two octonion planes over local rings is induced by conjugation with a
collineation or a correlation of the planes when 2 is a unit in the local rings. This
was proved for octonion division algebras over fields of characteristic # 2 by Suh
[10, p. 338] and Veldkamp [11, p. 287]. The corresponding result for octonion
division algebras over fields of characteristic 2 was proved by Faulkner [6, p. 57].
Thus our theorem extends known results to split octonion algebras over fields of
characteristic # 2 and to arbitrary octonion algebras over local rings containing 3.
In the case of fields of characteristic # 2, we further generalize known results by
extending our theorem to include isomorphisms between subgroups of the full
collineation groups of two planes when each subgroup contains the little projective
group. This extension follows directly from the classification of the subgroups of
the full collineation group normalized by the little projective group [3, Corollary
7.2].

The results of the last paragraph are proved in §§2-6. In §2 we study two kinds
of involutions in the little projective group PS: those that fix all the points on a line
and a point not connected to the line, and those that fix a four-point. We prove in
§3 that every involution in the middle projective group PG is of one of these two
kinds. We show in §4 that involutions of the first kind are distinguished in PS by
group-theoretic properties, so they are preserved by isomorphisms of little projec-
tive groups. In §5 we determine the geometric conditions for two involutions of the
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first kind to commute and for their product to be an involution of the first kind.
We apply this criterion in §6 to prove the results of the preceding paragraph.

All notation is as in [3]. © is an octonion algebra over a local ring (R, m) with
norm n(x), trace #(x), and involution x — x“.J = H(D,, v) is the quadratic Jordan
algebra of Hermitian 3-by-3 matrices over O. If x, y € J, N(x) is the generic norm
of x, x* is the adjoint of x, and x X y = (x + y)¥ — x* — y*. ' = I'(J) is the group
of norm semisimilarities of J, G = G(J) is the group of norm similarities, and
S = S(J) is the group of norm preserving transformations [3, Definition 1.2]. The
octonion plane PJ consists of points x, = Rx and lines x* = Rx for x €
J — mJ, x* = 0, with relations:

X, y* x, “on” y* if V, =0,

x, ~y* x, “connected” to y*, if T(x, y) € m,

Xy~ Y4 X, “connected” toy,,if x Xy € mJ,

x* ~ y* x* “connected” to y*, if x X y € mJ.

If x, ~ y,, (x X y)* is the unique line on x, and y,; if x* = y*, (x X y), is the
unique point on x* and y* [3, Lemma 2.2]. A three-point is an ordered triple of
points (a,,, a,,, as,) such that a,, ~ (a, X a;)*, a condition symmetrical in the q,.
A four-point is an ordered quadruple of points such that any three form a
three-point. A collineation of two octonion planes consists of a bijection of their
points and a bijection of their lines preserving the relations “on” and “connected
to”. ¢ € I'(J) induces a collineation Pp of PJ by P¢(x,) = (¢x), and Pp(y*) =
(¢*Y)*. If H C T, let PH = { Pp|¢p € H}. PT is the full collineation group of PJ,
and R — m is the kernel of the homomorphism ¢ — P¢ taking I' onto PT [3,
Lemma 3.3 and Theorem 8.4]). Let ©' and J’ be defined analogously over a local
ring (R’, m’).

1. Isomorphism of octonion planes. In this section we prove that there is a
collineation between two octonion planes if and only if their underlying octonion
algebras are isomorphic as rings. Since every collineation between two octonion
planes is induced by a norm semisimilarity [3, Theorem 8.4], it suffices to prove
that there is a norm semisimilarity of J onto J’ if and only if there is a ring
isomorphism of O onto £’.

Define a norm semisimilarity (¢, 6) of © onto £’ to be an additive group
isomorphism ¢: O — &', a ring isomorphism ¢: R — R’, and a unit p’ € R’ such
that ¢(ax) = a’¢x and n’(¢x) = p'n(x)° fora € Rand x € O. If ¢ takes 1 € O to
1’ € O, setting x = 1 in the last sentence implies that n'(¢x) = n(x)° for x € O.

LEMMA 1.1. There is a ring isomorphism of O onto ' if and only if there is a norm
semisimilarity of O onto O’ taking 1 € O to 1" € '. In fact, any ring isomorphism ¢
of O onto ' induces a norm semisimilarity (¢, o) taking 1 to 1 such that (¢x)* =
o(x9) and t'(¢x) = t(x)° for x € O.

PrROOF. Let ¢ be a ring isomorphism of © onto . ¢(R1) = R’l’ [3, Lemma
1.11]. Since R’ = R’l’, we can define a ring isomorphism o of R onto R’ by
r°l’” = ¢(rl), so that ¢ is g-semilinear. Let © have a free basis 1, x;, . . ., x; over R.
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Since ¢x; and 1’ are linearly independent, ¢'(¢x;) is determined by the equation
(¢xi)2 — (¢x;)ex; + n'(¢x;)l' = 0.

Applying ¢ to the equation x? — #(x;)x; + n(x;)1 = 0 shows that #(¢x;) = #(x,)°.
Since t'(¢p1) = 2’ = #(1)°, t'(¢x) = t(x)° for x € O. Since x? = (x)l — x, $p(x%) =
(¢x)?. Applying ¢ to the equation xx? = n(x)1 yields n’(¢px) = n(x)°.

Conversely, let (¢, 0) be a norm semisimilarity of © onto £’ such that ¢1 = 1",
Since n(¢x) = n(x)° for x € O, the equations #(x) = n(x, 1) and x¢ = #(x)l — x
imply that #(¢x) = #(x)° and ¢(x?) = (¢x)? for x € O. n(x) is a nondegenerate
quadratic form on O [3, Definition 1.6]. Take a € O such that C;, = R1 + Rais a
free module of rank 2 on which 7 is nondegenerate. Since a2 — #(a)a + n(a)l = 0,
¢ is a ring isomorphism of C, into £'. By induction, assume we have found a
subalgebra C, of O such that C, is a free R-module of rank 2, the restriction of n to
C, is nondegenerate, and there is a o-semilinear algebra isomorphism y, of C, into
£’ such that y,(x?) = (y,x)*. Applying ¢, to xx? = n(x)1 shows that n'(y,x) =
n(x)°. Then ¢7%, € Homg(C,, D) satisfies n(¢ 'y, x) = n(x) for x € C,. ¢y, ex-
tends to 7 € Homzx(D, ) such that n(nx) = n(x) for x € O, by Witt’s cancella-
tion theorem for nondegenerate quadratic forms over local rings [2, p. 80]. Then ¢n
is a o-semilinear isomorphism of © and £’ such that n’(¢1x) = n(x)° for x € O. If
t < 3, take p € C,* such that n(p) is a unit. pnp € (,C,)* and n’(¢pmp) = n(p)°.
Set C,,, = C, + Cp and set

¢1+l(x +yp) = ‘Prx + (‘PJ)(W)

for x, y E'C,. The proof of [3, Lemma 1.9] shows that C,,, is a free R-module of
rank 2'*!, C,,, is a subalgebra of ©, n is nondegenerate on C,,,, and ¢,,, is a
o-semilinear ring isomorphism of C,,, into £’ such that y,,,(z% = (¢,,,2)* for
z € C,,,, completing the induction. {5 is a ring isomorphism of © onto &', by
Nakayama’s Lemma [5, p. 7. [J

If char R/m # 2, the next lemma follows from [4, Theorem 3.5].

LEMMA 1.2. Let {x,, ..., x,} span J as an R-module and let R[v,, . ..,n,] be a
polynomial ring. Let X =3 n,x; €J @ R[n,). Then X%, X, and 1 are linearly
independent over R|[n,]. '

PROOF. Let h be a positive integer and let P(h, R) be the R-submodule of R[n,]
composed of polynomials of total degree at most h. Let ¢, ..., t; be the monic
monomials of total degree at most A — 2 in R[n;]. The images of the #,X? 1, X, and
t,1in

(J ®¢ P(h, R))/m(J @ P(h,R)) = (J/mJ) ®p,,, P(h, R/m)

are linearly independent over R/m [6, p. 10]. Since J ® 4 P(h, R) is a finite free
R-module, the X 2 t,X, and ¢1 are linearly independent over R as elements of
J ®g P(h, R) [S, p. 24]. Since J ®, P(h, R) is isomorphic to its image in
J ® R[n,;], the lemma follows. []
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THEOREM 1.3. The following conditions are equivalent:

(1) There is a ring isomorphism of O onto L'.

(2) There is a semilinear algebra isomorphism of an isotope of J onto J'.
(3) There is a norm semisimilarity of J onto J'.

ProoF. (1) = (2). If ¢ is a ring isomorphism of £ onto O, the last sentence of
Lemma 1.1 implies that there is 6: R — R’ such that

> ae + a[ jk] - > ale + dak[ jk |
is a o-semilinear algebra isomorphism of H(;, 1) and H(j, 1'). (2) follows, since
Y - Yy is an isomorphism of the y-isotope H(D;, 1)™ onto H(D;, v). (2) = (3).
Let J® be the u-isotope of J, u € J invertible, and let (¢, 06) be a semilinear
algebra isomorphism of J™ onto J'. Let X € J® ®, R[n,] be as in Lemma 1.2
and extend (¢, 0) to a semilinear algebra isomorphism of J® ®, R[n;] onto
J’ ®g. R'[n;]. X satisfies a monic polynomial over R[n;] of degree three with
constant term N(u)N(X) [9, p. 500]. Applying ¢ to this polynomial and taking the
corresponding polynomial for ¢(X) shows that ¢(X) satisfies monic polynomials of
degree three with constant terms N(#)°N(X)° and N'(¢X). Applying Lemma 1.2 to
X = ¢(x;)n, gives N(u)°’N(X)* = N'(¢X). Specializing 7, = 1 and n; = O for
i > 2 gives N(u)°’N(x,)° = N'(¢x,). Since x, is an arbitrary element of J, ¢ is a
norm semisimilarity. (3) = (1). Let (¢, 6) be a norm semisimilarity of J onto J'. We
can assume that ¢(Re) = R’e/, since S(J') is transitive on three-points [3,
Proposition 2.1]. Then ¢(O[jk]) = O'[jk], by the proof of [3, Lemma 3.2]. Since
N(e, + x[23]) = —v,7;5n(x) for x € O, define a norm semisimilarity y of £ onto £’
by (¥x)[23] = #(x[23]). ¥1 is invertible, since n(y1) is a unit. x — (Y1) 'yx is a
norm semisimilarity of © onto £’ taking 1 to 1’. We are done by Lemma 1.1. ]

2. Involutions of the first and second kinds. Henceforth we assume that 2 is a unit
in R. In this section we study two types of involutions (elements of order two) in
PG. Define an involution of the first kind to be an involution in PG fixing a point a,,
and all points on a line b*, where a, ~ b*. Define an involution of the second kind
to be an involution in PG fixing a four-point.

We claim that PS is transitive on pairs a, ~ b*. There are c, and d, on b* such
that ¢, ~ d,, since PS is transitive on lines [3, Proposition 2.1]. a, ~ b* =
(¢ X d)*, so (a,, c,, d,) is a three-point. The claim follows, since PS is transitive
on three-points [3, Proposition 2.1].

Define ¢, .. € S tobe 1 on Re; + Jy(e) and —1 on J; 5(e).

PROPOSITION 2.1. If a, ~ b*, there is a unique involution P{a.,,,. € PG fixing a,
and all points on b*. If P¢ € PT,

P¢P§a‘,b‘P¢_] = PKPM.,P&"
Involutions of the first kind form a conjugacy class of PS.

PROOF. Since PS is transitive on pairs a, ~ b* and §, .. € S, it suffices to
prove that P{, . is the unique involution in PG fixing e,, and all points on ef. Let
Py € PG be another such involution. Since Py fixes e,,, we can replace y by a
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scalar multiple and assume that y fixes e,. Py? = 1, so y? is scalar multiplication [3,
Lemma 3.3). Then ¢? = 1, since y fixes e,. Since ¢ fixes each Re;, it fixes £[23] [3,
Lemma 3.2). Because ¢ fixes e, and R(e, + a[23] + y,y;n(a)e;) for alla € O, Y is
the identity map on Jy(e,). It follows that ¢ is multiplication by 1 € R — m on
Jy/o(e;), where ye, = 1%, [3, Lemma 5.1]. y* = 1 implies that 7* = 1. 7 = %1,
since 2 is a unit in R. Sincey # l, 7 =-landy =¢, ... O

ProPOSITION 2.2 If P¢ € PI and a, ~ b*, then P$ commutes with Pg,,‘,,,. if and
only if P fixes a, and b*.

Proor. If P¢ fixes a, and b*, Proposition 2.1 implies that P¢ commutes with
PS, _p-- Conversely, assume that P¢ commutes with P, ,.. We can assume that
a, =e,, and b* = e}, by Proposition 2.1. ¢{, ¢ = af, .fora € R —m. Jis
the direct sum of eigenspaces for §, .. of ranks 11 and 16, so a =1 and ¢
commutes with {, ... Thus ¢ preserves the 1-eigenspace Re, + Jo(e)) of &, ... If
X € Re, + Jy(e)), x €J — mJ, and x* =0, it follows that either x € Re, or
x € Jy(e). Let x; = y,e, + 1[23] + v,€3, X, = e,, and x; = e,. Since at most one
of the x; can satisfy ¢x; € Re,, there are j # k such that ¢x;, ¢x; € Ji(e;). Then

Poe} = Po(x; X x,)* = (¢x; X ¢x;)* = e}.
Since Jy(e,) = 2 Rx such that x|e}, ¢ preserves Jy(e,). As above, either ¢pe, € Re,
or ¢e; € Jy(e,), since ¢ preserves Re, + Jy(e,). Since ¢ preserves J(e,), pe, € Re,.
Thus P¢ fixes e,, and ef. [

A subalgebra Q of O is called a quaternion subalgebra if Q is a free R-module of
rank 4 and the restriction of n(x) to Q is nondegenerate. O = Q ® Q' and we
define 7, € Endg(O) tobe 1 on Q and -1 on Q L, 7o is an algebra automorphism
of period two, by the proof of [3, Lemma 1.9]. Define an algebra automorphism §,
of J by

$o(Z ave, + = a[ jk]) = 2 aie; + Z 1y(a)[ Jk ]

As in [7, p. 66], we note that every algebra automorphism 7 of © of order two has
the form 7, for a quaternion subalgebra Q. To see this, let Q be the 1-eigenspace of
7 and let P be the —1-eigenspace. Since 2 is a unit in R, © = Q @& P, whence Q
and P are free R-modules [5, p. 24]. n(tx) = n(x) for x € J [Lemma 1.1]. It follows
that n(P, Q) = 0, so n is nondegenerate on Q and P. Since P # 0, it contains an
element whose norm is a unit. Multiplication by this element interchanges Q and
P, so Q has rank 4. Then Q is a quaternion subalgebra and 7 = 7,.

PROPOSITION 2.3. Every involution of the second kind is conjugate in PG to P§, for
some quaternion algebra Q of 9.

PRrOOF. Let P¢ be an involution of the second kind. Let J; = H(D,, 1) and define
a norm similarity ¢: J — J, by ¢(X) = Xy~'. PY$¢ " is an involution of the second
kind in PG(J,). There is ¢ € G(J,) such that Poysy~'o! fixes e,,, €,,, €3,, and
(Z ¢ + X 1[jk)),, since PG(J)) is transitive on four-points [3, Lemma 8.1]. The
proof of [3, Theorem 8.4] shows that there is a ring automorphism 7 of © such that
Poyty ¢! = Pry,, where 7, is the norm semisimilarity of J, applying 7 to each
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coordinate. 7, is a scalar multiple of ¢y "¢~ [3, Lemma 3.3, so 7, is linear and r
is an algebra automorphism. Pn? = 1, so n? is scalar multiplication. Since r fixes
1 €D, 12 =1.Asabove, 7 = 7o for a quaternion subalgebra Q of ©., = {, and

P(y~'o9)s(v7'o7') = PYo4,

where ¢ '¢y € G(J) and P\V'{Q:p is the involution in PG(J) applying 7, co-
ordinatewise. []

3. Classification of involutions in PG. We prove in this section that every
involution in PG is of the first or second kind. (It is immediate that every
involution in PG belongs to PS, but it is convenient to work in PG since G is
closed under scalar multiplication.)

LemMma 3.1. If R = F is a field, there is no involution P$ € PG such that
Pox, ~ x, for all x, € PJ.

PROOE. Assume such P¢ exists. We claim that P¢ fixes either a point or a line.
Suppose that P¢ does not fix e,,. Since F is a field, PS is transitive on pairs of
connected points [6, p. 38]. Replacing P¢ by a conjugate, we can assume that
Poe,, = (a[12]),. Applying P¢ to the equation (a[12]), ~ e,, gives e,, ~ Poe,,.
Since e,, ~ P¢e,, as well, Poe,, = (b[12]),. Then

Poes, = Po(e; X e,)* = (a[12] X b[12])* = (v 72n(a, b)e3)*,

so P¢ fixes e,;,. Thus P¢ fixes a point or a line.

We can assume that either ¢> = 1 or (¢*')? = 1, by the proof of Proposition 2.1.
Since ¢ —¢*”! is a group isomorphism of PT, ¢2=1 in either case. Since
Poe,, ~ e,,, de, = ae, + ¢[12] + d[31], where n(c) = 0 = n(d) and dc = 0. Set
fi=e, + oe, and f, = e, — ode,. f* = 0 and ¢f, = *f,. Since F is not of character-
istic two, the e, coefficient of at least one of the f; is nonzero. Thus P¢ fixes a point
[« such that the e, coefficient of f; is nonzero.

Replacing P¢ by a conjugate, we can assume that P¢ fixes e,, [3, Proposition
2.1]. Applying the last paragraph again shows that P¢ fixes a point f,, ~ e,,.
Conjugating P¢, we can assume that it fixes e,, and e,,. Again by the preceding
paragraph, P¢ fixes a point f;, such that (f,, e,,, e;,) is a three-point.

Hence we can assume that P¢ fixes (e,,, €,,, €3,) and ¢2 = 1. Since ¢¢, = *e¢,
we can replace ¢ by —¢ if necessary and assume that ¢ fixes at least two of the e,.
Replacing ¢ by a conjugate, we can assume that it fixes e,, e,, and Fe;,.

¢ induces 6 € End (D) by ¢(a[12]) = a°[12] [3, Lemma 3.2]. 6> = 1,50 O = D,
® O_, where O, is the i-eigenspace of a. n(a®) = n(a) for a € O, since (¢x)* = 0
for x = e; + a[12] + vy,v,n(a)e, and ¢ fixes e, and e,. It follows that the O, are
orthogonal and the restriction of n to ©_, is nondegenerate. If ©_, # 0, there is
a € ©_, such that n(a) is nonzero; taking x = e, + a[12] + y,y,n(a)e, gives x X
¢x # 0, a contradiction. Thus ©_, = 0 and ¢ is the identity on J(e,). Since ¢ fixes
Fey, Pp = P§, .. [Proposition 2.1]. Then x, = P¢x, for x = e, + 1[23] + v,7;€5,
a contradiction. []
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LEMMA 3.2. There is no involution P € PG(J) inducing the identity in
PG(J/mJ).

PROOF. Assume such P¢ exists. Only a finite number of elements of R are
required to express the multiplication in J and the action of ¢ in terms of a given
free basis {x;} of J. These elements generate a Noetherian subring R’ of R.
Replacing R’ by its localization at R’ N m, we can assume that R’ is local.
Replacing R by R’, J by 2 R’x; and ¢ by its restriction, we can assume that R is
Noetherian. Tensoring J with the completion of R, we can assume that R is
complete local Noetherian. The fact that P¢ is an involution is preserved under
tensoring, since P$> = 1 if and only if ¢? is multiplication by 8 € R — m [3,
Lemma 3.3]. Let ¢ induce multiplication by «; € R — m on J/mJ. Setting «;, , =
o + Q) (B — &) gives o? = B and «;, , = o, (mod m’) by induction. a = lim a;
satisfies a?> = B. J is the direct sum of eigenspaces for *a. Since ¢ induces
multiplication by a, on J/mJ, Nakayama’s Lemma implies that the a-eigenspace
equals J [5, p. 7). Thus P9 = 1, a contradiction. [J

LemMa 3.3. If P¢ € PG is an involution, there are a, and d, in PJ such that
(a,Poa,, d,, Pd,) is a four-point.

PrROOF. P¢ induces an involution P¢, € PG(J/mJ) [Lemma 3.2]. There is
a,, € P(J/mJ) such that P¢,a,, ~ a,, [Lemma 3.1]. Since PS(J/mJ) is transitive
on points and the canonical map PS(J)— PS(J/mJ) is surjective [3, Corollary
6.5), there is a, € PJ whose image in P(J/mJ) is a,,. a, ~ P¢a,, since a;, =~
P¢a,,. There is a line b* on a, such that Ppa, ~ b* (since we can assume that
a, = e, and Poa, = e,,). We repeatedly apply [3, Lemma 8.2] and its dual.
Pob* = b*, since Poa,|Ppb* and Poa, ~ b*. Let ¢, = (b X ¢b),. c, ~ a,, since
a, ~ P¢b*. There is d,|b* such that d, ~ a, and d, ~ ¢, (since we can assume
thata, = e,,, and c, = e,,, 50 b* = e3,). d, ~ Ppb*, else Ppb* ~ (d X c)* = b*.
Poa, ~ b* = (a X d)* and d, ~ Ppb* = (pa X ¢d)*, and applying P¢ gives a,
= (¢pa X ¢d)* and Ped, = (a X d)*. [J

THEOREM 3.4. Every involution P$ € PG is of the first or second kind.
PROOF. Let P¢p € PG be an involution. Let
= vie; + 126, — 1[12],
= v,e, + vse; + 1[31],
= y,e; + vs€5 — 1[31],
Zg= Y6, + Y33 — 1] 3]
(2; X 2y)y = €34, (23 X 24), = €3, and (25 X 2¢), = €,,, 50 (2}, 23, 23, 23) is the

dual of a four-point. [3, Lemma 8.2] implies that ((z; X z3),, (2} X 24)s (23 X 23),,
(2, X z,),) is a four-point. There are a, and d, in PJ such that
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(a,, Poa,, d,, Ppd,) is a four-point [Lemma 3.3]. Since PG is transitive on four-
points, we can replace P¢ by a conjugate and assume that these two four-points are
equal [3, Lemma 8.1]. Computation shows that (z, X z;) X e, = v,z 50 (2, X z3),
is on z¢§, and z}, 23, and zg are concurrent. Applying PX, .. shows that z}, z}, and
z$ are concurrent, applying P{, ., shows that z3, z}, and z¥ are concurrent, and
applying P, .. shows that z$, z§, and z3, 23, and z¢ are concurrent, as in Figure 1.
Let

Ye=(e5X 2)), = (26, + 1102 + 1[12])t'

P¢ interchanges a, and d, with Ppa, and P¢d, respectively, so P¢ interchanges z3
and z} with z} and z¢ respectively and fixes z} and z3. Then P¢ fixes all e,. and e*
and hence y,. We can assume that ¢ fixes e, and that ¢2 =1, by the proof of
Proposition 2.1.

FIGURE 1

Since ¢ fixes each Re, it fixes each O[jk] [3, Lemma 3.2]. Define 0 € Endg(D)
by a°[31] = ¢(a[31]). 0% = 1, since ¢ = 1. Write O = O, ® O_,, where L, is the
i-eigenspace of o. P¢ interchanges a, = (z; X z,), with P¢a, = (z, X z,),, where
z, X zy and z; X z, both have the form y,yse; + v,v:€; + v,v,6; + - - - . It fol-
lows that ¢ fixes e, and e; as well as e,. Then ¢ fixes 1 € J, so ¢ € S. The equation
N(e, + a[31]) = —v,v;n(a) implies that n(a®) = n(a) for a € O. Thus the restric-
tions of n to O, and O_, are nondegenerate. If O = O_;, P and P, ., agree on
€34, V4> and all points on e}. It follows that P¢ equals P¢, .. [3, Lemma 8.3] and
P¢ is an involution of the first kind. If © # O_,, there is x € O, such that n(x) is a
unit. Then (e,,, €;3,, V,, (¢, + x[31] + v,73n(x)e3),) is a four-point fixed by P¢,
and P¢ is of the second kind. [

4. Group-theoretic classification of involutions. We prove now that involutions of
the first kind can be distinguished from those of the second kind by their
group-theoretic properties within the little projective group. Together with Theorem



OCTONION PLANES OVER LOCAL RINGS 431

3.4, this implies that an isomorphism of little projective groups preserves each kind
of involution.

For n € S, let C(n) be the centralizer of 5 in S and let C(Pn) be the centralizer
of Pn in PS. Let P{ be an involution of the first or second kind and let
Py € C(P¢). Then Y&y~ = af for « € R — m. Since J decomposes into ei-
genspaces of distinct ranks for {, « = 1 and ¢ € C({). Hence C(P) = PC(§) =
C(¢)/(R* n S), where R is the group of units of R.

LEMMA 4.1. If R = F is a field and P{ is an involution of the first kind, then C(P$)
has a normal series where all factor groups are abelian except for one which is simple.

ProOF. We can assume that { =¢, .. [Proposition 2.1]. Since C(P{) =
C($)/(F* n S), it suffices to prove that C({) has such a normal series. If ¢ € S,
Y € C($) if and only if Y preserves Fe, and Jy(e,), by the proof of Proposition 2.2.
Let N be the kernel of the homomorphism from C({) to F* taking y to a such that
ye, = ae;. C({)/ N is abelian. Let O(J,) be the orthogonal group of J(e,) relative
to the quadratic form x — T(x¥ e,). Since elements of S preserve T(x*, y) [6, p.
10}, we can define a homomorphism A: N — £(J,) by restriction. The kernel of A is
{1, {} [3, Lemma 5.1]. The image of A is the reduced orthogonal group 2'(J,) [6, p.
31]. ©'(Jy) modulo its center is simple, since Jy(e,) is an isotropic space of
dimension 10 [1, pp. 195 and 209]. [

LEMMA 4.2. If R = F is a field with more than three elements and P¢ is an
involution of the second kind, then C(P{) has a normal series with two nonsolvable
Jactor groups.

PrROOF. We can assume that y = 1 and that P{ = P{, for a quaternion subalge-
bra Q of O [Theorem 1.3 and Proposition 2.3]. Since C(P§p) = C(§,)/(F* N S),
it suffices to prove that C({,) has a normal series with two nonsolvable factor
groups. C($p) consists of the elements of S preserving the =+ l-eigenspaces of $o-
Identify the 1-eigenspace of {, with H(Qs, 7), where 7 is the standard involution
conjugate transpose of Q,. Let 7 be the restriction homomorphism from C($p) to
End (H(Q;, 7)). We claim that neither the kernel nor the image of 7 is solvable. If
Q is a division algebra, we are done by the proof of [10, pp. 333-334]. Assume that
Q is split, so Q = F, [8, p. 169].

The proof of [10, p. 334] shows that the kernel of  is isomorphic to the group of
elements of Q of norm 1. This group is isomorphic to SL,(F), which is not solvable
if F has more than three elements [1, p. 169].

To see that the image of 7 is not solvable, let T = Txm,e, for x € Q, i #j.
T € S(J) 6, p. 18]. T € C({p), since {, is an automorphism fixing x[ij] and e;.
Define a homomorphism A from the group of invertible elements of Q; to the
group of invertible linear transformations of H(Q;, 7) by AM(4) = AXA™, A € Q,,
X € H(Q;, 7). 7(T) = M1 + xe;), where the ¢; are matrix units decomposing Q,
over Q. Let W be the multiplicative subgroup of Q; generated by 1 + xe;, x € Q,
i #j. Identify Q = F, and let the matrix units of F, be written as f,. If a € F,
s ¥t and i #j, W contains

1+ eij)(l - fneﬁ)(l + af;reij)(l + fneji)(l - eij) =1+ af,e;
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Thus W contains 1 + af,e;, a € F, if either s # ¢ or i # . Let ) be the natural
isomorphism of (F,); onto Fy and let the matrix units of Fg be written g,,. Then
n(W) contains 1 + ag,, for all @« € F and u # v. These elements generate SLy(F)
(1, p. 156], so W = n7'(SL¢(F)). One verifies that the kernel of A is *1. Since
PSL(F) is simple [1, p. 169], A(W) is not solvable. Since A(1 + xe;) = 7(T), A(W)
is contained in 7(C($,)) and 7(C(§y)) is not solvable. [

Let PH(J) be the set of involutions of the ith kind in PS(J).

LeMMA 4.3. Let 8 be an isomorphism of PS(J) onto PS(J’), where R = F and
R’ = F’ are fields. Then §(PH(J)) = PH,(J").

ProOOF. Since PH(J) is a conjugacy class of PS(J), it suffices to prove that
either §(PH,(J)) c PH\(J’) or §"'(PH(J")) C PH(J). We are done by Theorem
3.4 and Lemmas 4.1 and 4.2, unless both F and F’ have three elements. Assume
that is the case. If P{, € PH,(J), the proof of Lemma 4.1 shows that C({,) has a
normal subgroup N of index at most two such that N/{1, {,} = ©O'(J,) and O'(Jy)
modulo its center is simple. The center of £'(J,) has order at most two [1, p. 133].
Let Q' be a quaternion subalgebra of ©'. Since F’ is finite, Q' is split [1, p. 144].
The second paragraph of the proof of Lemma 4.2 shows that C({,) has a normal
subgroup isomorphic to SL,(F"). SL,(F”) is solvable of order 24 [1, p. 170], so C({,)
is not isomorphic to C({,). C(PS,) = C(§,) and C(PS,) = C(§,), since F* N §
= {a € Fla’ = 1} = {1}. Thus C(P,) is not isomorphic to C(P$,). If P§, €
PH,(J), there is ¢ € G such that Py{,y~" = P{,. for some quaternion subalgebra
Q' of L [Proposition 2.3], so C(P§,) = CP(§,). Thus C(P§;) and C(PX,) are not
isomorphic. We are done by Theorem 3.4. []

THEOREM 4.4. If 0 is an isomorphism of PS(J) onto PS(J’), then 6(PH(J)) =
PH(J").

ProOF. The canonical homomorphism from PS(J) to PS(J/mJ) is surjective [3,
Corollary 6.5]. Let PS,(J) be its kernel, so PS(J)/PS,(J) = PS(J/mJ).
o(PS,,(J)) = PS,(J), since PS,(J) is the unique maximal normal subgroup of
PS(J) [3, Corollary 7.5). Thus @ induces an isomorphism 6,, of PS(J/mJ) onto
PS(J’'/m'J’). By Lemma 4.3, 8, (PH(J/mJ)) = PH(J'/m'J’). 1t follows from
Theorem 3.4 that (PH(J)) = PH(J'). O

5. Commuting involutions of the first kind. We prove in this section P{, ,. and
P{, , commute and their product is an involution of the first kind if and only if
a,,lzi‘ and c,|b*. The key step is to characterize the action of involutions of the first
kind in terms of the harmonic properties of the plane.

LemMa 5.1. PS, .. commutes with P§, .. if and only if one of the following
conditions holds:

(1) a, = e,, and b* = ef,

(2) a,lef and e,,|b*,

() a, b €J, e
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PrOOF. Write e,, as e,. PS, .. commutes with P{, ,. if and only if PS, .. fixes
a, and b* [Proposition 2.2]. This holds if and only if §, .. fixes Ra and R.b, since
one checks that {*7\ = e es Ihis is equivalent to assuming that ¢ and b are
elements of Re + .;o(e) or J, s5(e), the eigenspaces of K,.',.. This holds if and only if
a and b are elements of Re, Jo(e), and J, /5(e), by the proof of Proposition 2.2. The
lemma follows, since a, ~ b* and the spaces Re, Jy(e), and J, ,(e) are orthogonal
with respect to T(x, y). [

LEMMA 5.2. If a, »~ b*, c, ~ d* a,|d*, and c | b*, then
Pga‘,b‘ch.,d' = Pf(bxd),,(axcy

and (a,, c,, (b X d),) is a three-point.

PROOF. a, ~ b* implies that b* =< d* and a, ~ (b X d),, by [3, Lemma 8.2] and
its dual. Then (a X (b X d))* = d*, so ¢, ~ d* implies that (a,, c,, (b X d),) is a
three-point. We can assume that this three-point equals (e,,, e,,, €3,) [3, Proposi-
tion 2.1]. Then b* = (¢ X (b X d))* = e} and d* = (a X (b X d))* = e}. Since
$ouer is 1 on Re; + Jo(e) and —1 on J, 5(e), P, 2 FX.,, o2 = PS,,, oy The lemma
follows, since a, = e,,, b* = ef,c, = e,,,and d* = e5. [

When R = F is a field, if x, ~« y, and w,|(x X y)*, Faulkner has defined the
harmonic conjugate of w, with respect to x, and y, [6, p. 42]. We remark that his
results and the following lemma extend directly to octonion planes over local rings,

but we do not need this extension.

LEMMA 53. If R = F is a field, a, ~ b*, and a,|d*, then PS,_ . takes every point
on d* to its harmonic conjugate with respect to a, and (b X d),.

PROOF. d* ~ b* and a, ~ (b X d),, since a, ~ b* [6, p. 36]. There is f,|b* such
that f, < (b X d), [6, p. 36]. a, = b* = ((b X d) X f)*, so (a,, (b X d),,f,) is a
three-point, and we can assume that it equals (e, ,, e,,, €3,) [6, p. 33]. It follows that

* = ¢} and d* = e}. The harmonic conjugate of (a,e; + s[12] + a,e,), with
respect to e, and e,, is (a,e; — s[12] + aye,), [6, p. 42]. Then P, .. takes every
point on e} to its harmonic conjugate with respect to e,, and e,, as required. []

LEMMA 5.4. Assume that R = F is a field, a, ~ b*, and a,b € J, y(e,). Then
P, 1PSa, pe is not an involution of the Jirst kind.

PROOF. Since F is a field, there is a line f* on e,, and a, [6, p. 35]. f* ~ e}, since
e,/ f* and e, ~ e} [6, p. 36]. Take g,|ef such that g, = (f X e)),. ), = €} =
((f X e;) X g)*, so there is P$ € PS taking the three-point (e,,, (f X e)),, g,) to
(€145 €245 €34)- Since ((f X e)) X g)* = ef, Po fixes e, and ef. Lemma 5.1 implies
that ¢a, ¢b € J, ,(e,). Thus we can replace P§a‘,b. with its conjugate by P¢. Then
*=(e; X (f X e))* = e3,50a,le}.

e} ~ b*, since a,|ley and a, = b*. a and e; X b are in J, 5(e,) N Jo(ey), s0
a, = (s[12]), and (e; X b), = (f[12]), for n(s) = 0 = n(#). a, ~ b* implies that
a, ~ (e; X b),, so n(s, t) is a unit. Replace ¢ by a scalar multiple to make n(s, #) =
RIE
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Let W be the orthogonal complement of Fs + Ft in O with respect to n(x, y).
Define a linear transformation { on Jy(e,) to interchange e, and e, with s[12] and
1[12] respectively and to be the identity on W[12]. y?> = 1 and ¢ belongs to the
orthogonal group of the quadratic form T(x*) on Jy(e;). Since its determinant is 1,
y is the product of an even number of hyperplane reflections [1, p. 129]. Then ¢ is
induced by an element n of G preserving Fe, [3, Theorem 5.3]. P, ,. takes every
point on eF to its harmonic conjugate with respect to a, and (e, X b)* [Lemma
5.3]. Likewise P, .. takes every point on e to its harmonic conjugate with respect
to e;, and e,,. It follows that P{, ,. agrees with Pﬂ{e..,e:"_l on all points on e}. Let

x, = (ae, + Be, + (8s + At + w)[12]),,
where a, 8, 8, A € F,w € W, and x* = 0. Then

P{a‘,b.(x*) = (Ve er¥%)s
= (~oe, = Be + (s + At — w)[12]),; M

PS, 1P, po(x)) = (—ae, — Bey + (=8s — M + w)[12]),. )
Take a preimage of P{, ..P§, ,. in G and let 7 be its restriction to Jy(es). (2)
implies that 7 is a scalar multi‘ple of the map which is 1 on W[12] and -1 on
W[12]*. Thus 7 has eigenspaces of dimensions 4 and 6.
Assume that P, _.PS, ,. = P{, .. It is not true that c,|e} and e|d*, else
Lemma 5.2 would imply that a,|ef and e,,|b*. Since P, .. and P§, . commute,
Lemma 5.1 implies that ¢, d € J, ,(e,). Take v € W such that n(v) * 0, and set

Ve = (e, + vi7n(v)e, + 0[12]),.

(2) shows that (y X 7y)* = e7. Since F is a field, there is a line on ¢, and y, [6, p.
35]. Then Lemma 5.3 and the equation (y X 7y)* = e} imply that ¢, is on e3. Thus
we can apply the analogue of equation (1) for P{c.,d.. Take a preimage of P e d* in
G and let £ be its restriction to Jy(e;). (1) implies that £ has eigenspaces of
dimensions 2 and 8, contradicting the fact that £ is a scalar multiple of 7. []

THEOREM 5.5. If a, ~ b* and c, ~ d*, the following conditions are equivalent:

) P{a‘,b. and P{c._ o commute and their product is an involution of the first kind.
(2 a,|d* and c |b*.

ProoF. (1) = (2). By conjugation, we can assume that ¢, = e, and d* = e}. By
Lemma 5.1, either a,|ef and e,,|b* or a, b € J, ))(e,). Taking images in PS(J/mJ)
and applying Lemma 5.4 shows that the latter condition does not hold. (2) = (1),
by Lemmas 5.1 and 5.2. [J

We say that P, ,.and P{, . commute exactly if the conditions of Theorem 5.5
are satisfied.

COROLLARY 5.6. a, ~ c, if and only if there exist b* and d* such that P{a.,,,. and
P{, 4 commute exactly.
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Proor. If P{, ,. and P . commute exactly, then a, - c, [Lemma 5.2].
Conversely, if a, ~ c,, we can assume that a, = e,, and ¢, = e,, [3, Proposition
2.1], so we can take b* = ef and d* = €. []

COROLLARY 5.7. a,|d* if and only if there exist b* and c, such that P{, b and
P{, 4 commute exactly.

PrOOF. If a,|d*, there is g,|d* such that a, ~< g, [3, dual of Lemma 2.3]. We can
assume that a, = e,, and g, = e3,, so d* = e3. It suffices to take b* = e} and
¢, = e,,. The converse is trivial. []

6. Classification of isomorphisms of collineation groups. Let PH be a subgroup of
PG(J) containing PS(J) and let PH’ be a subgroup of PG(J’) containing PS(J’).
We prove that every isomorphism of PH onto PH’ has the form P¢ — PrP¢Pr~!
where Pr: PJ — PJ' is a collineation or a correlation.

LEMMA 6.1. Let a,, b*, c* € PJ be such that a, ~ b*, a, ~ c*, and b* ~ c*.
Then there is d* € PJ such that a, ~ d*, b* =~ d*, and c* ~ d*.

ProoF. We can assume that a, = e;, and b* = ef, as in §2. Since b* ~ c*,
¢ = ae; + x[12] + y[31] (mod mJ). Since a, ~ c*, a is a unit. There is z € O such
that n(x, z) € m and n(z) is a unit. It suffices to set d = e, + 2z[12] + v,v,n(2)e,,
since the coefficient of e; in ¢ X d is a unit. []

PROPOSITION 6.2. Let 8 be an isomorphism of PS(J) onto PS(J’). Assume that
there are a,, b*, c* € PJ such that

(1) a, ~ b*, a, ~ c* and there is a point d, on both b* and c*, and

(2) 0P8, ,o = P, oand OPS, .= PX, .. wheret* - v*.

Then there is a collineation Pr: PJ — PJ' such that 0P, ,.= PrP§, P! for
all x, ~ y*.

ProOF. Let f,, g*, h* € PJ satisfy f, < g*, f, ~ h*, and g* = h*. Let 0P§,.,g. =
P{,,. p+and 0P§‘f‘,,,. = quv,. [Theorem 4.4]. We claim that n, = q,. f, ~ (g X h),,
since f, ~ g*. a, ~d,, since a, < b*. Thus there is P € PS(J) such that
Poa, = (g X h), and Pod, = f,. Pg‘,‘ g and P{,.’,,. commute exactly with
Plpga, popr 304 PSpy, pyce- Applying 6 shows that P, p- and P§, ,. commute
exactly with 6P¢ Poa,,Pep+ ANd 0P Poa,,Péc, [Theorems 4.4 and 5.5]). Setting Py =
0P¢ € PS(J') gives

0P g pore = 0(P¢P ,,‘,,,.qu-') = PYPS, WPy = Ppy, e

and likewise 0P§,,¢av,,¢c. = P{py,, pyoe- Thus P{,,‘ p» and qu.,,. commute exactly
with P¢ Pys  PUr* and P¢{ Py, Pyos SO My and g, are on PYr* and Pyv*. By hypothesis,
t* = v* son, = (Yt X Yv), = q,, as asserted.

We have shown that if f, ~ g*, f, ~ h*, and g* ~ h*, then 0P§f. -~ = P{,,_ »
and 0P§; ). = P, ,.. Lemma 6.1 implies that this remains true without the
hypothesis that g* ~ h*. Thus there is a bijection Pr, from the points of PJ onto
the points of PJ’ such that OPS, yo = Plp . o for all x, = y*. x|, » x,, if and
only if Pr x,, = Pr,x,, [Corollary 5.6].
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Take a* b,,c, € PJ such that b, =~ a* c,~~a* and b, ~c,. OP§, ,.=
PSp,p, 5o and OPS, . = PSp, . . Where Prb, » Pric,. Thus @ satisfies the duals
of conditions (1) and (2). By duality, there is a bijection Pr, from the lines of PJ
onto the lines of PJ’ such that

0P§x,w‘ = Png.x.,Pf;y' (3)

for all x, »~ y*; also y¥ =~ y¥ if and only if Pr,y} ~ Pr,y3. By Corollary 5.7,
x,|y* if and only if Pr\x,|Pr,y*. x, ~ y* if and only if P{x.y. is defined, so
x, = y* if and only if Pr,x, ~ Pr,y*. Thus x, — Pr;x, and y* — Pr, y* define a
collineation Pr. We are done by (3). O

A correlation of two octonion planes consists of bijections between the points of
each plane and the lines of the other preserving the relations “on” and “connected
to”. Let Py be the canonical correlation of PJ’ interchanging x, and x*. If
P € PT(J’), PYPHPY = Pp*~'. If x, = y* in PJ’, PxpP{x_ »PY= P§y_’x.. Every
correlation of PJ onto PJ’ has the form PyPn where 7 is a norm semisimilarity of J
onto J’ [3, Theorem 8.4].

PROPOSITION 6.3. Let § be an isomorphism of PS(J) onto PS(J'). Assume that
there are a,, b*, c* € PJ such that

(1) a, = b*, a, ~ c*, and there is a point d, on both b* and c*, and

() 0P%, 4o = PS, . and OPS, .= P§, .. wheres, ~ u,.

Then there is a correlation Pr: PJ — PJ’ such that OPY, o= PrP§, ,.Pr! for
all x, ~ y*.

ProoOF. Conjugation by the canonical correlation Py of PJ’ induces an automor-
phism ¥ of PS(J’). (¢ € S implies $*' € S, by the proof of [3, Lemma 1.7).) ¥4
satisfies the hypotheses of Proposition 6.2, so there is a collineation Py: PJ — PJ’
such that ¥¢(Pf, ,.) = PnP{x.y.Pq" for all x, = y*. Set Pr = PYPn. []

PROPOSITION 6.4. Let 0 be an isomorphism of PS(J) onto PS(J’), where R = F
and R’ = F' are fields. Then there is a collineation or a correlation Pr: PJ — PJ’
such that 0P, . = PrP{, .y.P*r'I Sor all x, = y*.

ProoF. Take a,, b* € PJ such that 9P, ,. = P§, .. [Theorem 4.4]. There is
c¢* € PJ such that a, ~ c* and b* »~~ c* (since PS(J) is transitive on pairs
a, = b*). Let 0P, .= P ... If f, < e, we are done by Proposition 6.3. If
f. = e1,, we are done by applying Proposition 6.2 to 8~'. (The hypothesis of
Proposition 6.2 that there is a point on both e} and g* is satisfied, since F’ is a field
[6, p. 35].) Thus we can assume that f, ~ e,, and f, #e,,. Let f = ae, + s[12] +
r[31], where n’(s) = 0 = n’(r) and at least one of s or r is nonzero. By symmetry,
assume that s # 0. Take t € O’ such that n'(s, ) # 0 and n’(¢¥) = 0.

Consider the nondegenerate quadratic form Q(x) = T'(x*) on Jy(e;). If z €
Jo(e;) and Q(z) # 0, let S, € O(Jy(e;)) be the hyperplane reflection x — x —
Q(z)'Q(x, z)z. Let W be the orthogonal complement of the span of e,, e,, s{12],
and ¢[12]. Since n(s) = 0 and s # 0, £’ is split and Jg(e;) has Witt index five [8, p.
169]. Thus there is w € W such that Q(w) = Q((s + H[12])~" S, S¢s+1y12) belongs



OCTONION PLANES OVER LOCAL RINGS 437

to the reduced orthogonal group £'(Jy(e;)), so it extends to n € S(J') fixing e, [6,
p. 31]. 1 fixes e, and e, and takes s[12] to —/[12]. Since 7 fixes each e, it preserves
each O'[jk] [3, Lemma 3.2]. Since 7 preserves e, and J(e,), P fixes e, and ef and
thus commutes with PS, .. [Proposition 2.2). Applying #~' shows that §~'Py
commutes with P{,_,.. Then 8 ~'Pn fixes a,, so

Pg’a,,(ﬂ“h;)c' = (0_IP"I)P§..,,a(9"Pn")-
Applying 8 shows that
OPS, (o-1Pmycs = Pn(ﬁPfa.,c.) Py = PyP§, . Pyt = Pl oo @

Since n preserves each Q'[jk], nf = ae, — #[12] + u[31] for u € L’. The coefficient
of ey in f X nf is nonzero, so f, ~ Pnf,. There is a point on both c* and (8 “1Py)c,
since F’ is a field [6, p. 35). We are done by applying Proposition 6.3 with
equations (4) and 6P, .. = P§; ... [

THEOREM 6.5. Let PH be a subgroup of PT'(J) containing PS(J) and let PH' be a
subgroup of PT(J’) containing PS(J’). Let 8 be an isomorphism of PH onto PH' such
that OPS(J) = PS(J’). Then there is a collineation or a correlation Pr: PJ — PJ’
such that 0P = PrP¢Pr~! for all P € PH.

PRrOOF. Let PS,,(J) be the kernel of the canonical homomorphism from PS(J) to
PS(J/mJ). PS,(J) is the unique largest subgroup of PS(J), and PS(J)/PS, (J) =
PS(J/mJ) [3, Corollaries 6.5 and 7.5]. Thus 6 induces an isomorphism 8, of
PS(J/mJ) onto PS(J'/m'J’). Take a,, b*, c* € PJ such that a, ~ b*, a, = c*,
and b* = c*. Let 0P, ,. = P§; .and 0P, .= PS, ..[Theorem 44).If p: PJ —
P(J/mJ)andp’: PJ' > P(J’'/ m'J ") are the canonical maps,

0mP§pa.,pb‘ = ng’s.,p’t" 0mP§pa‘,pc‘ = ng'“.,ﬂ'o"
Since pb* »~ pc*, Proposition 6.4 implies that either p’s, ~ p'u, or p’'t* ~< p'v*, so
either s, ~ u, or t* ~ v*. Thus Propositions 6.2 and 6.3 imply that there is a

collineation or a correlation Pr: PJ — PJ’ such that 8PS, .= PrP§, ,Pr™! for
all x, ~ y*. If P¢ € PH,

(8P$) PrPs, P17\ (0Pg™") = (OP)OPS, ,.(0Po™") = O( PoPY, ,.Po™)
= 0PSpys poyr = PTPSpys, poyePT”
= P¢P¢P§X.J.P¢-'Pr'.
Proposition 2.2 implies that (§P¢)Pr = PrP¢, as required. []

COROLLARY 6.6. Let H be a subgroup of I'(J) containing S(J) and let H' be a
subgroup of T'(J’) containing S(J'). Let 8 be an isomorphism of H onto H' such that
0S(J) = S(J’). Then there is a norm semisimilarity v: J — J' and a map x: H —
R’ — m’ such that either ¢ = (x¢)rdr™ or 8¢ = (xp)rd* v for all ¢ € H. If
¢ ¢, € H,

(%) x(¢192) = (X¢1)(0°|°_I(X¢2))

where 7 is o-semilinear and ¢, is o,-semilinear.
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PRrROOF. Proposition 2.2 implies that the centralizer of PS(J) in PI'(J) is trivial, so
R — m is the centralizer of S(J) in I'(J). Then 8 maps H N (R — m) onto
H’' N (R’ — m’) and 6§ induces an isomorphism P8 of PH onto PH'. By Theorem
6.5, there is a norm semisimilarity r of J onto J’ such that either PdP¢ = PrPoPr™
or P§P$ = PrPo* 'Pr7! for all P¢ € PH. Thus there is a map x: H > R’ — m’
such that either 8¢ = (x¢)r¢r ! or O = (xp)rd*'r7! for ¢ € H. (5) is equivalent
to the condition that # is a homomorphism. []

COROLLARY 6.7. (1) The hypothesis that 6PS(J) = PS(J’) can be deleted from
Theorem 6.5 if PH C PG(J) and PH' C PG(J').

(2) The hypothesis that 0S(J) = S(J') can be deleted from Corollary 6.6 if
H c G(J)and H' C G(J'). In this case, x is a homomorphism whose kernel contains
S(J).

Proor. (1) If K is a group, let [K, K] denote the subgroup generated by the
commutators of elements of K. [S(J), S(J)] = S(J) [3, equation (v) and Corollary
6.5]. It is immediate that [G(J), G(J)] C S(J), so [PH, PH]= PS(J) and
[PH’, PH'] = PS(J’). Hence §PS(J) = PS(J'). (2) As above, [H, H] = S(J) and
[H', H] = S(J’), so 8S(J) = S(J’). (5) and the assumption that H C G(J) imply
that x is a homomorphism. x(S(J)) = 1, since S(J) =[H, H] and R' — m’ is
abelian. [

COROLLARY 6.8. (1) The hypothesis that §PS(J) = PS(J') can be deleted from
Theorem 6.5 if R = F and R’ = F’ are fields.

(2) The hypothesis that 0S(J) = S(J’) can be deleted from Corollary 6.6 if R = F
and R’ = F' are fields.

Proor. (1) Since PS(J) is a normal subgroup of PI'(J) and §PH = PH' O
PS(J’), 0PS(J) is normalized by PS(J’). Since F’ is a field, any proper subgroup of
PT'(J’) normalized by PS(J’) contains PS(J’) [3, Corollary 7.2]. Thus 8PS(J)
contains PS(J’), and replacing § by §~' gives the reverse containment. (2) Since
S(J) is a normal subgroup of I'(J) and 8H = H’ O S(J’), S(J) is normalized by
S(J’). Since F’ is a field, any subgroup of I'(J’) normalized by S(J’) is either
contained in F’ — 0 or contains S(J’) [3, Theorem 7.1]. Since S(J) is nonabelian,
0S(J) contains S(J’). The reverse containment holds by symmetry. []
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